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7KLV SDSHU HVWDEOLVKHV D VFKHPH RI ILQLWH HOHPHQW LQWHUSRODWLRQ SRVWSURFHVVLQJ RQ ORFDOO\ UHILQHG PHVK
ZLWK KDQJLQJ QRGHV 7KLV VFKHPH LV YHU\ VLPSOH DQG IHDVLEOH DQG FDQ EH FRQWUROOHG DXWRPDWLFDOO\ WKXV
WKH FRPSXWDWLRQ FRVWV LQFOXGLQJ WKH SK\VLFDO PHPRU\ DQG WKH &38 WLPH ZLOO EH UHGXFHG VLJQLILFDQWO\
+RZHYHU VLQFH WKHUH H[LVWV KDQJLQJ QRGHV LQ ORFDOO\ UHILQHG PHVK WKH PDLQ ZRUN RI WKLV SDSHU LV WR GHDO
ZLWK KDQJLQJ QRGHV
:H LOOXVWUDWH WKH HIILFLHQF\ RI RXU VFKHPH E\ WKH H[DPSOH RI PHPEUDQH YLEUDWLRQ SUREOHP RQ WKH /
VKDSHG UHJLRQ @>@>>@>@  uu :  :H PDNH D UHFWDQJXODU GLYLVLRQ IRU : DQG D ORFDOO\
UHILQHPHQW ZLWK KDQJLQJ QRGHV QHDU WKH VLQJXODU SRLQW RI :  :H XVH ELTXDGUDWLF LQWHUSRODWLRQ SRVW
SURFHVVLQJ RI ELOLQHDU UHFWDQJXODU HOHPHQW WR FRPSXWH PHPEUDQH YLEUDWLRQ SUREOHP $QG WKH UHVXOWLQJ
VROXWLRQ VKRZV WKH HIILFLHQF\ RI RXU VFKHPH
 7KH ILQLWH HOHPHQW PHWKRG RI PHPEUDQH YLEUDWLQJ SUREOHP








ZKHUH : LV D ERXQGHG UHJLRQ LQ 5  DQG LWV ERXQGDU\ :w LV /LSVFKLW] FRQWLQXRXV
7KH YDULDWLRQDO SUREOHP DVVRFLDWHG ZLWK  LV JLYHQ E\ )LQG   z: X+X5O VDWLVI\LQJ




:H WDNH WKH /VKDSHG UHJLRQ @>@>>@>@  uu : DV DQ H[DPSOH WR LQWURGXFH WKH PHVK
JHQHUDWLRQ K. UHILQHG LQ ORFDO PHVK ZLWK KDQJLQJ QRGHV
)LUVW OHW XV GHFRPSRVH WKH /VKDSHG UHJLRQ : : VHH )LJ  D LQWR D XQLIRUP JULG FRQVLVWLQJ RI
PDQ\ VPDOO UHFWDQJOHV ZKRVH GLDPHWHUV DUH 
  WKHQ HDFK HOHPHQW LQ WKH VXEUHJLRQ
@>@>@>@>  uu : LV VXEGLYLGHG LQWR IRXU LGHQWLFDO UHFWDQJOHV ZKRVH GLDPHWHUV DUH 
  DQG
WKHQ OHW XV VXEGLYLGH HDFK HOHPHQW LQ WKH VXEUHJLRQ @>@>@>@>  uu : LQWR IRXU LGHQWLFDO
UHFWDQJOHV ZKRVH GLDPHWHUV DUH 
  5HSHDWLQJ WKH SURFHGXUH DERYH ZH FDQ REWDLQ D VHTXHQFH RI VXE








































DQG WKH PHVK JHQHUDWLRQ K. UHILQHG LQ ORFDO PHVK ZLWK KDQJLQJ QRGHV DQG WKLV PHVK LV FDOOHG UHJXODU
ORFDOO\ UHILQHG PHVK :H FDQ REWDLQ WKH ORFDOO\ UHILQHG PHVK K. VHH )LJ  E ZKHQ : LV UHILQHG E\ 
WLPHV 7KH EODFN GRWV DUH KDQJLQJ QRGHV DQG RWKHUV DV UHJXODU GRWV
/HW  : +6
K EH D ILQLWH HOHPHQW VSDFH FRQVLVWLQJ RI FRQWLQXRXV SLHFHZLVH ELOLQHDU SRO\QRPLDOV RQ





































)LJ  D WKH LQLWLDO PHVK :  E WKH PHVK
K. ZKHQ : LV UHILQHG E\  WLPHV
 7KH ILQLWH HOHPHQW LQWHUSRODWLRQ SRVWSURFHVVLQJ
 7KH ELOLQHDU DQG WKH ELTXDGUDWLF LQWHUSRODWLRQ RI UHFWDQJXODU HOHPHQW ZLWK KDQJLQJ QRGHV
$V ZH NQRZ IRU FRQVWUDLQHG ILQLWH HOHPHQW VSDFHV RQ PHVKHV ZLWK KDQJLQJ QRGHV LI RQH XVHV WKH
RULJLQDO EDVLV IXQFWLRQV WR DVVHPEOH VWLII PDWUL[ DQG ORDGHG PDWUL[ WKHQ WKH UHVXOWLQJ OLQHDU V\VWHP 
ZLOO OLNH D ³VDGGOH V\VWHP´ +HQFH LW LV QRW DGYLVDEOH WR GR WKLV VR ZH PXVW PRGLI\ WKH EDVLV IXQFWLRQV
/HW LX GHQRWH WKH YDOXH RI KX DW QRGH L$  DQG LM WKH EDVLV IXQFWLRQ RI ELOLQHDU LQWHUSRODWLRQ DW QRWH L$ 









5HVWULFWLQJ KX RQ WKH HGJH
BBBBBB








LLK XX M 
,Q RUGHU WR NHHS KX FRQWLQXRXV RQ WKH HGJH
BBBBBB
$$  WKH YDOXH RI KX DW KDQJLQJ QRGH $ VKRXOG EH
VDWLVILHG WKH IROORZLQJ FRQGLWLRQ
 
 
X XX  
%\ VXEVWLWXWLRQ RI  LQWR  WKH EDVLV IXQFWLRQ DW KDQJLQJ QRGH $ ZLOO YDQLVK DXWRPDWLFDOO\ WKHQ ZH




a MMMMMM   
WKHQ WKH FRQWLQXLW\ RI KX RQ HGJH
BBBBBB
$$ ZLOO EH VDWLVILHG DXWRPDWLFDOO\
)RU ELTXDGUDWLF LQWHUSRODWLRQ RI UHFWDQJXODU HOHPHQW OHW L\ EH WKH EDVLV IXQFWLRQ RI ELTXDGUDWLF
LQWHUSRODWLRQ RQ K.   7R NHHS KKX,

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)LJ  D ELOLQHDU LQWHUSRODWLRQ ZLWK KDQJLQJ QRGHV E ELTXDGUDWLF LQWHUSRODWLRQ ZLWK KDQJLQJ QRGHV
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%DVHG RQ WKH NQRZOHGJH UHODWLQJ WR ELTXDGUDWLF LQWHUSRODWLRQ ZLWK KDQJLQJ QRGHV DERYH ZH GHILQH











  o:o: UHVSHFWLYHO\ ZKHUH K6 DQG K6  DUH




K, VDWLVI\ WKH FRQGLWLRQV RI WKH IROORZLQJ GHILQLWLRQ RI LQWHUSRODWLRQ SRVWSURFHVVLQJ RSHUDWRU
)URP QRZ RQ ZH ZULWH K, DV K, IRU VLPSOLFLW\
 7KH WKHRU\ RI WKH LQWHUSRODWLRQ SRVWSURFHVVLQJ
'HILQLWLRQ  /HW K. LV D PHVK RYHU :  :K6 LV D ELP GHJUHHV ILQLWH HOHPHQW VSDFH RQ
K.    :o: 6&,K LV D SLHFHZLVH ELP GHJUHHV LQWHUSRODWLRQ RSHUDWRU :' FRQVLVWV RI VRPH
DGMDFHQW HOHPHQWV LQ K. :H FDOO MK, DV M GHJUHH LQWHUSRODWLRQ SRVWSURFHVVLQJ RSHUDWRU IRU P GHJUHH





























ZKHUH V LV DQ SRVLWLYH LQWHJHU DQG & LV LQGHSHQGHQW RI YK DQG Z 
/HPPD  /HW  XO EH DQ HLJHQSDLU RI WKH SUREOHP  WKHQ IRU DQ\  z EZ+Z  WKH 5D\OHLJK
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/HPPD  6XSSRVH WKDW  :  HU+Z ZKHUH !H FDQ EH DUELWUDULO\ VPDOO LH a UZ U 
  [[UU  LV WKH GLVWDQFH EHWZHHQ   [[ DQG WKH VLQJXODU SRLQW    !U  DQG  LV WKH RQO\
VLQJXODU SRLQW /HW K. EH D UHJXODU PHVK UHILQHG LQ ORFDO UHJLRQ E\ - WLPHV K6 LV D FRQIRUPLQJ ELOLQHDU





      
U
K -D Z , Z Y K K Y
H- -    
ZKHUH K DQG -K DUH GLDPHWHUV RI WKH ODUJHVW DQG WKH VPDOOHVW HOHPHQW LQ
K.  UHVSHFWLYHO\
3URRI 6HH >@
)URP /HPPD  DQG 7KHRUHP  LQ >@ ZH FDQ SURYH /HPPD 
/HPPD  /HW   K KXO EH WKH NWK ELOLQHDU HLJHQSDLU RI  DQG   KX  WKHQ WKHUH H[LVWV WKH NWK






K K -X , X & K K
H d  
3URRI 6HH >@
5HPDUN  7KH DERYH /HPPD  DQG /HPPD  DUH QRW RQO\ VXLWDEOH IRU WKH VLQJXODULW\ FDXVHG E\
GRPDLQV ZLWK UHHQWUDQW FRUQHUV EXW DOVR VXLWDEOH IRU WKH VLQJXODULW\ FDXVHG E\ FRHIILFLHQWV WRR )RU
PHPEUDQH YLEUDWLQJ SUREOHP RQ /VKDSHG UHJLRQ /HPPD  DQG /HPPD  DUH YDOLG EHFDXVH LQ WKLV















7KHRUHP  7KH ELTXDGUDWLF LQWHUSRODWLRQ KKX,

  REWDLQHG E\ 6FKHPH  IRU ELOLQHDU HOHPHQW KDV WKH
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7KHUHIRUH ZH JHW 
















 HOO dd UKKKKU KK&X,XX, 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)URP 7KHRUHP  ZH NQRZ WKDW ZKHQ WKH QXPEHU RI HQFU\SWLRQ LV HQRXJK LH  

 KKU- -
H    WKH




 7KH VFKHPH RI ELTXDGUDWLF LQWHUSRODWLRQ ZLWK KDQJLQJ QRGHV LQ ORFDOO\ UHILQHG UHJLRQ
,Q WKLV VHFWLRQ ZH HVWDEOLVK WZR VFKHPHV 7KH GLIIHUHQFH EHWZHHQ WKRVH WZR VFKHPHV LV LQ VWHS  ,Q
VWHS  RI 6FKHPH  WKH YDOXH RI SLHFHZLVH SRO\QRPLDO KKX,

 DW D KDQJLQJ QRGH LV WKH DYHUDJH RI WKH
YDOXHV RI KK 6X  DW LWV WZR DGMDFHQW UHJXODU QRGHV 7KXV ZH FDQ QRW JXDUDQWHH WKDW KKX,

 LV FRQWLQXRXV DW
KDQJLQJ QRGHV LH 

 :+X, KK  6R WKH UHVXOWLQJ 5D\OHLJK TXRWLHQW UO FRPSXWHG E\ WKLV KKX,

 GRHV
QRW PHHW  PRUHRYHU ZH FDQQRW ZULWH  





 KKKKK X,X,D  WKH VXP RI LQWHJUDO RQ
HOHPHQW
)RU UHDVRQ DERYH ZH HVWDEOLVK 6FKHPH  6WHS  RI 6FKHPH  LV EDVHG RQ WKH GLVFXVVLRQ PDGH RQ WKH
ELTXDGUDWLF LQWHUSRODWLRQ ZLWK KDQJLQJ QRGHV LQ WKH WKLUG VHFWLRQ KKX,

 LV FRQWLQXRXV DW KDQJLQJ QRGHV
 $ $ VHH )LJ  E  DQG PXVW VDWLVI\ WKH UHVWUDLQHG FRQGLWLRQ  6R ZH PRGLI\ WKH YDOXH RI KKX,

 DW
KDQJLQJ QRGHV  $ $ WR HQVXUH WKDW KKX,

 LV FRQWLQXRXV DW  $ $ 
%XW XQIRUWXQDWHO\ ZH DUH QRW DEOH WR JLYH WKH SURRI RQ WKH RUGHU RI FRQYHUJHQFH IRU KKX,

 DQG UO
REWDLQHG E\ 6FKHPH  ZKLFK LV RXU IXWXUH ZRUN
6FKHPH 
6WHS  *HQHUDWH D ORFDOO\ UHILQHG UHJXODU PHVK K.  ZLWK KDQJLQJ QRGHV LQ UHILQHG PHVK
6WHS  6XEGLYLGH HDFK HOHPHQW LQ K.  LQWR IRXU LGHQWLFDO UHFWDQJOHV WR JHW WKH PHVK K.  6ROYH  RQ
K. ZLWK ELOLQHDU UHFWDQJOH HOHPHQW DQG WKH HLJHQYDOXH KO DQG HLJHQIXQFWLRQ KX DUH REWDLQHG
6WHS  0DNH ELTXDGUDWLF LQWHUSRODWLRQ RQ K.  ZLWK WKH YDOXHV RI KX DW UHJXODU QRGHV DQG WKH YDOXHV RI
KX DW KDQJLQJ QRGHV LQ
K. ZKLFK DUH PRGLILHG DV IROORZV
6HH )LJ  E $ DQG $ DUH KDQJLQJ QRGHV WKH YDOXHV RI KX DW $ DQG $ DUH UHVSHFWLYHO\ IRU
   
   













 KKKKKKKK X,X,X,D O
6FKHPH 
6WHS  DQG 6WHS  DUH WKH VDPH DV 6FKHPH 
6WHS  0DNH ELTXDGUDWLF LQWHUSRODWLRQ RQ K.  ZLWK WKH YDOXHV RI KX DW UHJXODU QRGHV DQG WKH YDOXHV RI
KX DW KDQJLQJ QRGHV LQ
K. ZKLFK DUH PRGLILHG DV IROORZV
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 1XPHULFDO H[SHULPHQW
&RQVLGHU WKH PHPEUDQH YLEUDWLQJ SUREOHP  RQ WKH /VKDSHG UHJLRQ @>@>>@>@  uu :  :H
XVH WKH ELTXDGUDWLF LQWHUSRODWLRQ SRVWSURFHVVLQJ RI ELOLQHDU UHFWDQJXODU HOHPHQW DGRSWLQJ WKH UHILQHPHQW
SURFHGXUH GHVFULEHG LQ WKH VHFRQG VHFWLRQ WR FRPSXWH WKH VPDOOHVW HLJHQYDOXH RI  E\ 6FKHPH  DQG
6FKHPH  UHVSHFWLYHO\ 7KH H[SHULPHQW UHVXOWV DUH OLVWHG LQ 7DEOH  ZKLFK LQGLFDWH WKDW 6FKHPH  KDV D
KLJK HIILFLHQF\
7DEOH 7KH UHVXOWV RI FDOFXODWLQJ E\ 6FKHPH  DQG 6FKHPH 
+ - +O UO OO U UO OO U

      

      

      

      

      
,Q 7DEOH  ZH XVH + DQG - WR GHQRWH WKH GLDPHWHU RI WKH LQLWLDO PHVK DQG WKH QXPEHU RI HQFU\SWLRQV
UHVSHFWLYHO\ /HW +O GHQRWH WKH HLJHQYDOXH RQ WKH LQLWLDO PHVK UO DQG UO DUH WKH 5D\OHLJK TXRWLHQWV
FDOFXODWHG E\ 6FKHPH  DQG 6FKHPH  UHVSHFWLYHO\
$FNQRZOHGJPHQWV
7KLV ZRUN LV VXSSRUWHG E\ WKH 1DWLRQDO 6FLHQFH )RXQGDWLRQ RI &KLQD *UDQW 1R  DQG
6FLHQFH DQG WHFKQRORJ\ )XQG RI *XL]KRX 3URYLQFH RI &KLQD *UDQW 1R >@ 
5HIHUHQFHV
>@ /LQ 4 <DQJ < ' ,QWHUSRODWLRQ DQG FRUUHFWLRQ RI ILQLWH HOHPHQW PHWKRG 0DWK 3UDFWLFH 7KHRU\  
>@ &KHQ & 0 +XDQJ < 4 +LJKDFFXUDF\ 7KHRU\ RI )LQLWH (OHPHQW 0HWKRG &KDQJVKD +XQDQ 6FLHQFH 3UHVV 
>@ /LQ 4 <DQ 1 1 +LJKO\ (IIHFWLYH 6WUXFWXUH DQG $QDO\VLV RI )LQLWH (OHPHQW %DR'LQJ +H%HL 8QLYHUVLW\ 3UHVV 
>@ /LQ 4 =KX 4 ' 3UHSURFHVVLQJ DQG 3RVWSURFHVVLQJ 7KHRU\ RI )LQLWH (OHPHQW 0HWKRG 6KDQJKDL 6KDQJKDL 6FLHQFH DQG
WHFKQRORJ\ SUHVV 
>@ =KX 4 ' +LJKDFFXUDF\ 3RVWSURFHVVLQJ 7KHRU\ RI )LQLWH (OHPHQW %HLMLQJ 6FLHQFH 3UHVV 
>@ =KDR ; 0DR 6 3 6KL = & $GDSWLYH TXDGULODWHUDO DQG KH[DKHGUDO ILQLWH HOHPHQW PHWKRGV ZLWK KDQJLQJ QRGHV DQG
FRQYHUJHQFH DQDO\VLV - &RPSW 0DWK   
>@ %DEXVND , 2VERUQ - (LJHQYDOXH SUREOHPV LQ +DQGERRN 1XPHULFDO $QDO\VLV 92/ 1RUWK+RODQG (OVHYLHU 6FLHQFH
XEOLVKHUV  
>@ <DQ 1 6XSHUFRQYHUJHQFH $QDO\VLV DQG $ SRVWHULRUL (UURU (VWLPDWLRQ LQ )LQLWH (OHPHQW 0HWKRGV %HLMLQJ 6FLHQFH 3UHVV

>@ <DQJ < ' )LQLWH (OHPHQW 0HWKRG IRU (LJHQYDOXH 3UREOHP %HLMLQJ 6FLHQFH 3UHVV LQ SUHVV 
